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Manipulation of electron spin in a quantum dot 
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In this paper, we show that it is possible to manipulate the many-body wave function of an isolated 
dot with a few electrons by locally applying magnetic and electric fields. We polarize the dot at a level 
crossing, where the sensitivity is at its maximum. Time-dependent fields produce a superposition of the 
states involved in the avoided crossing. In the case of N = 2 and N =3 electrons, the results of exact di-
agonalisation give information about the nature of these states and allow us to construct an effective 
Hamiltonian describing the coupling. The formalism for evaluating the Berry phase arises naturally. We 
argue that a quantum dot, capacitively coupled to a quantum point contact, can influence its conductance. 
The quantum superposition of the states produced by cycling the fields on the dot can be measured this way. 
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1. Introduction 

Manipulating the phase of a quantum electronic system in a controlled fashion is 
presently one of the challenges of nanophysics, especially in view of its possible ap-
plications in quantum computing [1]. The most promising route to achieve such a task 
is probably provided by coherent solid-state devices. For instance, a superconducting 
Josephson qubit has already been realized as the Cooper pair box, namely a small 
superconducting island weakly coupled to a charge reservoir via the Josephson junc-
tion [2]. The quantum state of the box can be tuned to a coherent superposition of the 
charge-zero and charge-one states. The possibility of realizing superpositions of flux 
states has been considered as well [3]. Entanglement in semiconducting devices made 
of two quantum dots (QD), one on top of each other (“quantum dot molecule”) has 
recently been optically measured, and double dots have been inserted into a transport 
device [4]. Double QD have been proposed as possible qubits [5]. The state of a QD 
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can be finely tuned by means of external magnetic and electric fields or by changing 
the coupling between the dot and the contacts [6]. 

Quantum algorithms usually assume that either the system dynamically evolves 

through a sequence of unitary transformations or that a set λ
�

 of external control parame-
ters of the Hamiltonian H smoothly changes in time (“adiabatic evolution”) [7]. Accidental 
level degeneracies are quite common in QD’s, which is seen both theoretically and ex-
perimentally [8]. In this work, we show that they can be used to add a Berry phase to the 
dot and to manipulate it. In fact, if adiabatic evolution is realized across a closed path γ in 
parameter space close enough to an accidental level degeneracy, the nontrivial topology of 
the Hilbert space makes the state of the system take up a “geometrical” phase Γ, referred to 
as the “Berry phase” [9]. The value of Γ may be controlled by properly choosing γ. 

Here we discuss the case of a vertical dot with a few electrons in a rather strong 
orthogonal magnetic field B. By increasing B, the energy levels undergo crossings to 
higher angular momenta states and spin states. We will show that the Rashba spin 
-orbit perturbing term, implemented by polarizing a voltage gate on top of an isolated 
dot, can turn one of these crossings into an anticrossing by mixing states of different 
quantum numbers and opening a gap. Cycling the voltage in an appropriate way al-
lows an SU(2) Berry phase to be added to the many body wave function of the elec-
trons in the dot. This phase could be monitored by means of transport measurement. 

In Chapter 2 we set up a model for a vertical QD with a few interacting electrons based 
on exact diagonalisation results and describe the crossover to the state with maximum spin 
and maximum angular momentum. The effect of the Rashba spin-orbit (SO) term on the 
ground state of the system is discussed. In Chapter 3 we concentrate on the case where N  
= 2. There is an avoided crossing at the singlet–triplet transition [10] which can be de-

scribed by an equivalent Hamiltonian H�  involving just one effective spin 1 2S = /� . We 
shall make the state of the system evolve in time by means of a time-dependent SO cou-
pling, which could be implemented by a microwave driven gate voltage. The spin state is 
shown to acquire the usual SU(2) Berry phase. In Chapter 4 we argue that a dot with N = 3 
electrons gives the chance of producing an SU(3) Berry phase. In order o perform a non-
trivial γ circuit, however, there are too many parameters to control. This makes the realiza-
tion of a full SU(3) Berry phase unrealistic at the present time. Nevertheless, we show that 
a simpler setup can be imagined based on a three-level avoided crossing and that this setup 
allows further phase manipulation. The final chapter collects comments on possible meth-
ods for reading out the added phase. 

2. Vertical quantum dot with azimuthal symmetry 

We consider an isolated, vertical QD, disk-shaped in the (x,y)-plane (θ and ρ are the 
polar coordinates in the plane). An external static magnetic field B and electric field E are 
applied along the z-axis. The dot’s Hamiltonian HD adiabatically depends on these external 
parameters, generically referred to as λ

�

 in the following. The dot’s Hamiltonian is 
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where H0D includes the confining parabolic potential of frequency ωd and the Coulomb 
interaction U(B,ωd). ωc(B) = eB/m*

c is the cyclotron frequency. The second and third terms 
at the r.h.s. of Eq. (1) are the orbital and spin Zeeman terms, respectively. The il

�

are the 

components of the electron angular momentum orthogonal to the dot disk, and µ is the 
electronic magnetic moment (2 )e m cµ ∗= /� . The last term is the spin-orbit (Rashba) term 

with a coupling constant Eα ∝
�

, which has the dimension eV·Å. The generalized momen-

tum is ( / ) ( )i ii e c A rpπ = +
�

�
� , where ip

�

 is the linear momentum of particle i and A
�

 is the 

vector potential due to the magnetic field B. In a symmetric gauge it takes the form 

2 ( 0)A B y x= / − , ,
�

. From now on we neglect the Zeeman spin splitting, since it only lifts 
the spin degeneracy. The orbital wave function for an electron in a two-dimensional har-
monic confining potential and an external B field along ẑ  is 
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where n, m are the orbital quantum numbers, 2 2 ,t lρ= / and *
0l m ω= �  

( 2 2
0 ( ) 4d c Bω ω ω= + / ). The radial wave function in Eq. (2) is expressed in terms of 

the Laguerre polynomials Lµ
ν  as 
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 (3) 

We label the single electron states in the dot by 1/ 2 zn m s s| , , = , >  ( zs s,  are the elec-
tron spin and z-component). 

In the absence of both interaction and magnetic field, the lowest lying single particle 
states are occupied with minimum spin. The GS Slater determinant for N = 5 is sketched 
pictorially in Fig. 1a, where energy is plotted on the vertical axis. Each box represents a 
single particle state labelled by n,m, and each arrow represents the spin projection along 
the quantisation axis of the electron occupying the corresponding box. 

In Figure 2 (left panels) we show the lowest lying total energy levels at a fixed an-
gular momentum M versus M for U = 13 meV and three values of B. These are B = 5 
meV (top), B = B* = 7 meV (middle), and B = 11.5 meV (bottom). 
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Fig. 1. The Slater determinants quoted in the text. Quantum numbers are N = 5, S = 1/2  

for the state at B = 0 (a) and S = 5/2 for the state at B = B*, which is  
the magnetic field at which the maximum absolute value of S is achieved (b) 

 
Fig. 2. Energy levels without SO coupling for a dot with N = 5 electrons at U = 13 meV  

and ωd = 5 meV. Magnetic field values are (in units of ħωc): B = 5 meV (top), B = B* = 7 meV  
(middle), B = 11.5 meV (bottom). Total M is on the x axis. Levels are drawn with short,  

medium, or long dashes, corresponding to the total spin: S = 1/2, 3/2, 5/2 

This level structure, as well as the radial charge and spin densities, are calculated 
by exact diagonalisation using a basis of 28 single particle orbitals. Slater determi-
nants are constructed and span the Hilbert space up to matrices (105×105), depending 
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on the number of electrons. Unscreened Coulomb electron-electron interaction matrix 
elements are calculated analytically basing on the states given by Eq. (2). 

At each M, the spin degeneracy is marked by dashes of different length: short 
dashes for S = 1/2 (doubly degenerate level), medium dashes for S = 3/2 (fourfold 
degeneracy), and long dashes for S = 5/2 (sixfold degeneracy). On the r.h.s. of the 
picture, the radial charge density of the corresponding GS is plotted vs. the distance r 
from the dot centre. Figure 2 (left panels) shows that the levels cross with increasing 
B when M or S increase. Electron-electron correlations imply that when M increases S 
also increases. 

At B = B* = 7 meV, the spin S reaches its maximum value of S = N/2. The largest 
contribution to the GS wave function is given by the Slater determinant depicted in 

Fig. 1b (for N = 5), corresponding to 
1

0
10

N
M m

−= =∑ . We concentrate on the state 

at B = B*, namely the Fully Spin Polarized (FSP) GS. This corresponds to the “maxi-
mum density droplet” state discussed in literature [11]. Qualitatively we can say that 
at B = B* the dot has the smallest radius. As can be seen from the GS charge density, a 
further increase in B leads to the so-called reconstruction of the charge density of the 
dot. For B > B*, the value of M for the GS increases, but S is no longer at its maxi-
mum. In the bottom panel of Fig. 2 it is shown that at B = 11.5 meV the GS energy is 
achieved for M = 13 with a doublet (S = 1/2) state. The corresponding charge density 
of the dot, depicted on the r.h.s., is strongly modified close to the edge [12]: it dis-
plays a node, followed by an extra non-zero annulus at a larger distance. In view of 
the fact that our expansion of the wave function includes only rotationally invariant 
components, the breaking of azimuthal symmetry is impossible. By contrast, this is 
found to occur in density functional calculations, and the corresponding GS is re-
ferred to as the de Chamon-Wen phase [13]. The GS at B = B* can be compared with 
a FSP quantum Hall state of an extended disk in the absence of lateral confinement 
(Quantum Hall Ferromagnet (QHF) at a filling of one). Indeed, Fig. 1b resembles the 
occupancy of the lowest Landau level (LLL) up to a maximum m = N – 1, except that 
in our case the single particle levels corresponding to the LLL are not all degenerate 
in energy. In the language of the quantum Hall effect, the unperturbed levels are: 

 (2 1)
2m o c

m
mνε ν ω ω, = + | | + −� �  (4) 

where ( ) 2n mν = − | | /  and 2 2 4.o d cω ω ω= + /  The LLL is for 0ν =  and 0.m ≥ The 

Slater determinant for the LLL has a charge density that is flat as a function of r  up 
to the disk edge, at which it rapidly falls to zero. In our case, this feature is lost due to 
U and the fact that the number of electrons is small. 

We now add spin-orbit interaction to the dot. This can be tuned by applying an 
electric field E in the ẑ  direction, which couples the spin of the electrons in the dot. 

At E ≠ 0, the spin-orbit term couples states with opposite spin components: 
(1/ 2)zs = ± . The matrix elements can be easily calculated 
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Here 1 1nm n m n m nmB A∗
′ ′, − − ,= , which implies that the Hamiltonian is hermitian. A pictorial 

sketch can help to understand what happens in the presence of both the orthogonal 
magnetic field and SO Rashba coupling. SO coupling tends to shift the ↓  spin density 
radially w.r.to the ↑  spin density. This is confirmed by plotting the occupation num-
bers †

nm nm nmn GS c c GSσ σ σ=< | | >  with n = m (see Fig. 3 and [14]). 

 
Fig. 3. Occupation numbers nn = m,m,σ in the GS with N 4 (5) electrons (left(right)),  

without SO (top) and with SO (α = 100 meVÅ) (bottom). Other parameters are: B = 7 meV,  
U = 13 meV, and ωd = 5 meV. White bars refers to spin down, grey bars refer to spin up.  

The FSP GS of the dot with N = (4) 5 electrons has a total spin S = 2 (5/2)  
and a z-component of the total angular momentum Jz = 15/2 
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Fig. 4. Charge density, azimuthal spin density Sz, and radial in plane spin density Sr  

in the GS (N = 5, J = 15/2) at SO couplings α = 5, 100, 250 meV·Å.  
Here, B = 7 meV, U = 13 meV, and ωd = 5 meV 

The spin density is quite sensitive to the addition of SO up to the saturation. Now 
the z-component of the total spin is no longer a good quantum number and some mix-
ing with down spin electrons appears. While sz and m are no longer separately con-
served, their sum jz = sz + m (with jz being a half integer) is still conserved. In result, 
the Rashba coupling acts as an effective in plane magnetic field that forces the preces-
sion of electron spins in the dot plane. The out of plane component of B tends to tilt 
spin out of the plane, acting oppositely to the Rashba coupling. Our calculation con-
firms the intuitive idea that SO coupling is weakened by an orthogonal magnetic field. 
Indeed, by increasing ωc in Eq. (2), the strength of the SO interaction decreases. The 
z-component of spin density and its radial component for the GS with N = 5 and Jz = 
15/2 for U = 13 meV are plotted vs. the distance from the dot centre in Fig. 4, for 
three different values of SO coupling. They are also compared to the charge density 
distribution. As it appears from Fig. 4 (top panel), the charge density of the GS is only 
mildly changed when we increase the SO coupling. 
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The SO interaction lifts the degeneracy of Jz. The multiplet with N = 5, S = 5/2, 
and M = 10 at B = B* = 7 meV and U = 13 meV splits when the strength of SO cou-
pling α is increased. The strength of U is responsible not only for the fact that the GS 
belongs to this multiplet, but also for the order in the sequence of energies: Jz = 15/2, 
17/2, 19/2, 21/2, 23/2, 25/2 (from bottom to top). At small values of U, this sequence 
has the order Jz = 25/2, 23/2, 21/2, 19/2, 15/2, 17/2, as shown in Fig. 5. With 
increasing U, some level crossings occur. This crossing defines B*, which is rather 
insensitive to SO coupling. 

 
Fig. 5. Energy levels for N = 5, B = 7 meV, ωd = 5 meV, and α = 100 meVÅ, 

for different values of U. In the upper panel the crossings that allow  
the FSP polarized state to be the ground state when U is large are shown.  

The order of the levels is magnified in the bottom panels for three different values of U 

The order at three different values of U is magnified in the bottom panels of 
Fig. 5. The case for U = 13 meV is shown in the bottom right panel of Fig. 5 – the 
lowest state in energy is for Jz = 15/2, followed by Jz = 17/2, 19/2 (almost degenerate 
with 25/2), and 25/2, 21/2, 23/2. At U = 13 meV a sizeable gap is formed between the 
Jz = 15/2 GS and the first excited state Jz = 17/2. The other states of the multiplet are 
bunched together at higher energies. 

We discuss the peculiarity of the first excited state elsewhere [15], which displays 
a spin texture with some analogies to the Skyrmion state of the QHF. 
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3. The N = 2 singlet–triplet avoided crossing 

In this chapter, we consider two electrons (N = 2) only. In particular, B is tuned 
close to the singlet–triplet transition that occurs at B = B*. In the absence of SO cou-
pling, the states of a vertical dot are usually denoted as zM S S| , , > , where M is the 
orbital angular momentum, S is the total spin, and S z is its z-component [8]. The low 
-lying energy levels are reported vs. B and in the absence of SO in Fig. 1, to be com-
pared with the ones when SO has been added. 

 

 
Fig. 6. A dot with N = 2 particles: energy spectrum vs. magnetic field ωc in the absence 

of SO for ωd = 5 meV, and U = 13 meV (left box); energy spectrum vs. magnetic field ωc  
in the presence of SO for the same parameters and α = 250 meV·Å (right box) 

The lowest lying singlet–triplet crossing is converted into an anticrossing. The 
Slater determinants that are involved the most corresponding to the states 

 † †0 0 0 0zM S S d d−↓ −↑| = , = , = >= | >   

 † †1 1 1 0zM S S d d+↓ −↓| = , = , = − >= | >   

 † † † †1
1 1 0 0

2
zM S S d d d d 

 +↑ −↓ +↓ −↑ 
| = , = , = >= + | >   

 † †1 1 1 0zM S S d d+↑ −↑| = , = , = >= | >  (6) 

a) 

b) 
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Here, †d  are creation operators for dot electrons and the label −  refers to the sin-
gle particle orbital n = 0, m = 0, while the label +  represents n = 1, m = 1. As seen in 
Fig. 6, SO couples the first and second of these states, both of which belong to the 
total angular momentum J = M + Sz = 0 (the other two belong to Jz =1 and jz = 2, re-
spectively). 

We want to show that under some special circumstances the Hamiltonian close to 
B* can be reduced to the one of Eq. (11). The Hilbert space spanned by the four states 
in Eq. (6) can be mapped onto a pseudospin representation in terms of two spins, 1/2: 

1S
�

 and 2S
�

 and with the corresponding basis zS S+ +| , > , with 1 2S S S± = ±� � �

 [16]. A 
comparison of the matrix elements onto the basis space show that the following corre-
spondence holds 

 †
1 2

1

4ns n s n n
s

P d d P n nS Sδ′ ′,
 

⇒ ⋅ − +  
∑
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 † 1 1 1
2

2 2 2 2
ssns n s n n n n

ss

P d d P inTS Sδ δσ ′ ′ ′ ′ ′, ,−+ −
′

 ⇒ + + ∑
�

� �
�  (7) 

where 1 2.T S S= ×
�

� �

P projects onto the Hilbert space of the four states. States 
zS S+ +| , >  are eigenstates of S +

�

 and 1 2S S⋅
� �

, while S +
�

 and T
�

 produce transitions 

from the singlet state to triplets. 
In this representation, the Hamiltonian close to B = B* takes the form: 

 ( )
1 2 1 2

1
2

2 2
z

S SH K BS b in h cS S S Tµ − −
, + + −

 = ⋅ − + + + . .
 

� � � �

 (8) 

where b+ = α/l. The second term is the Zeeman splitting in the triplet and the first two 
terms account for crossing at B*. SO, by coupling the singlet and triplet with 1zS+ = − , 
opens up a gap and produces the anticrossing observed in Fig. 1. It can be shown that 

while 1 2S S⋅
� �

 and S +
�

 commute, they do not commute with S −
�

 and ,T
�

nor do S −
�

and 

T
�

 commute with each other. This proves that SO couples the centre of mass coordi-
nates with the relative ones. Hence, the Kohn’s theorem does not apply and micro-
wave radiation shed onto the dot probes interactions as well. 

As seen in Fig. 6, SO does not couple the states 1 1| , > , 1 0| , > , 0 0 ,| , > and 
1 1| , − > . As far as SO is concerned, they are frozen. If we retain only the two states 

involved in anticrossing, we can further simplify the problem to a single spin 1/2: S� . 
The correspondence between states is 0 0| , >→|↑>  and 1 1| , − >→|↓> . Defining P′ as 
the projector on the two state basis, we have 
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It follows that the effective Hamiltonian of Eq. (8), rewritten in the new representa-
tion, reads 
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where z K Bb µ= +�  and 2bb
± ±=� . This maps the two-electron Hamiltonian of 

Eq. (1), close to the anticrossing point, onto the Hamiltonian 
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and we have assumed an oscillating time dependence for the electric field 

 i tE E e ω±→  

The dot state may be controlled by properly tuning the external control parameters 
B and E. An adiabatic cycle is realized by keeping B fixed, and by slowly and periodi-
cally varying E with a time period T. 

As the first step, we find the instantaneous eigenstates of ˆ ( )S tH �

 in Eq. (11), corre-

sponding to the eigenvalues bε = ±  
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The Berry phase accumulated by the states | ± > , by adiabatically operating along a 
period T, is 

 ( ) , ,T i d λ
γ

Γ λ λ λ± = ⋅ ± ∇ ±∫ �
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�  (13) 
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Here, bλ ≡
��

 is the set of parameters describing the system. 

 ( )( ) ( ) ( )( )π

1 cos 1 cos
2

d t
t

dt T

Γ ω ϑ Γ ϑ±
±= − ⇒ = −∓ ∓  (14) 

It is useful to fix the phases of the adiabatic basis t| ±, >  in such a way that they sat-
isfy the parallel transport condition between successive times, namely 

 0
d

t t
dt

< ±, | | ±, >=  (15) 

This choice implies that non-adiabatic terms (i.e., terms of O(1/T) are always off 

-diagonal. Let us choose such an initial condition that the spin S�  is in the state | + >  

with an energy of –b. In the basis of states ( ) ( )i te t±− Γ | ± > , at later times the spin wave 
function takes the form: 

 2 cos cos sin sin
( ) 2

sin sin

i t bt i bt i bt
u t e b

i bt

ω
ωϑ

ϑ

− /
 − + | >=
  − 

 (16) 

This state is a superposition of the two states that correspond to the anticrossing lev-
els. In Chapter 5 we briefly discuss how to read out this mixture. 

4. Three electrons: a very special Berry phase 

In Figure 7 we show the avoided crossing that appears in the spectrum of N = 3, 
involving states with total angular momentum J = M + Szi = 3/2. They are: 

3 2 3 3 2 1 2 2 1 2 1 2 1 1 2z z zS M S S M S S M S| = / , = = − / > ,| = / , = = − / > ,| = / , = = / >  

The SU(3) Berry phase requires eight parameters to be available for the 3×3 her-
mitian Hamiltonian matrix. This is far too much for present fabrication possibilities. 
We have considered the possibility of controlling a smaller amount of degrees of 
freedom, which produces an accidental crossing of a third level in an otherwise SU(2) 
parameter manifold. The states given above are coupled by spin-orbit when the elec-
tric field is of the kind 

 1 2( ) ( )cos ( )sinzE t e g t g tθ θ= + +  (17) 

with 1 2 .i tg ig g e ω+ =| |  In fact, they contain Slater determinants whose single particle 
states have non zero matrix elements of the spin orbit interaction between some 
constituents of single particle states. 
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Fig. 7. A dot with N = 3 particles: energy spectrum vs. magnetic field ωc in the presence  

of SO for ωd = 7 meV, U = 13 meV, and α = 250 meV·Å. The GS is Jz = 3/2, the FES is Jz = 5/2 

 
Fig. 8. A sketch of a possible experimental setup for detecting the Berry phase (a);  

f(x) accounts for the spatial modulation of the coupling between the dot  
and interferometer (see text); energy levels of the dot, E

�
, vs. b = (3/2)(B – B*) (b) 

Let us denote the relevant single particle states by the sequence of quantum numbers 

( 1/ 2 ).zn m s s, , = ,  The states (1 ) (11 1/ 2 1/ 2 ),λ λ, ≡ , , − ,
� �

(3, ) (22, 1/ 2, 1/ 2, ),λ λ≡ −
� �

 

and (2 ) (11 1/ 2 1/ 2 )λ λ, ≡ , , ,
� �

 are present in some of the Slater determinants that form 
the many-body states given above and have non vanishing matrix elements of the spin 
orbit interaction of Eq. (17), according to the Hamiltonian: 

 [ ]1 2

0
ˆ , , , 0 2

b g

h b g g e b e

g e b

∗ −
 =  
 − 

 (18) 

If b = 3(B – B*)/2, the three eigenvalues become degenerate at B = B* and E = 0. 

1 2
ˆ[ ]h b g g e, , ,  is a traceless 3×3 Hermitian matrix, belonging to the SU(2)-algebra. Its 

eigenvalues take a simple form in terms of the “polar” coordinates R, Ψ 

 
22 22 2

2 2
3

( )
, sin(3 )

3

eb b ge g
R b

R
Ψ + − | |+ | |= + = −   (19) 

In decreasing order, the energies are given by [17]: 

 
2

2 sin ( 1)π , 1 2 3
3

E R Ψ = + − = , ,  
�

� �  (20) 
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In Figure 8b, we plot E1, E2 and E3 versus b for small but nonzero e and g. The 

corresponding eigenvectors will be denoted further by e λ| , >
�

�

, 1 2 3.= , ,� Figure 8b 
shows the avoided crossing vs. b. In particular, if b < 0, then the level E1 is almost 
degenerate with E2, and the degeneracy at e = g = 0 takes place at π 6.Ψ = / On the 
other hand, if b > 0, then it is E3 that is almost degenerate with E2, and the degeneracy 
takes place at π 2.Ψ = / At b = 0 an “exceptional” three-level degeneracy arises, when 
e = g = 0 (R = 0), which is not, however, an accidental three-level degeneracy. 

The explicit calculation of the Berry phase for a closed path γ at fixed b, lying in 
the subspace of the coordinates (g1, g2, e), can be found in [17]. 

For b < 0, there is an energy gap of order b between E3 and the next available en-
ergy level (E2), so that we do not expect any Berry phase to arise within such a region. 
On the other hand, we do expect a Berry phase to appear for b > 0 when E3 is almost 
degenerate with E2. Therefore, whether the Berry phase arises or not is just a matter of 
whether b > 0 or b < 0. Clearly, no fine tuning of the external field is required, pro-
vided it is possible to move B across B*. 

Our realization of the Berry phase in a quantum dot is the simplest setup that can 
be theoretically studied retaining the required features. Actually, its experimental 
realization is quite demanding, at least as long as one is concerned with a single dot. 
For instance, one can imagine a setup where the maximum of E could be off-centre in 
the dot area and rotating in time. Alternatively, asymmetries in the shape of the dot 
that slowly depend on time might produce a Berry phase. 

5. Comments on detecting the superposition of dot states 

In conclusion, by applying a rather strong orthogonal magnetic field ,B z⊥ a disk 
shaped Quantum Dot (QD) with a few electrons becomes a droplet of maximum elec-
tron density (MDD), maximum total angular momentum M, and maximum spin S. An 
increase of S and M occurs via crossings between levels. A prototype of this occur-
rence is the singlet–triplet transition in a two-electron dot. A gate voltage induces the 
Rashba (spin-orbit) term, which couples S to the electric field orthogonal to the QD 
disk. M and Sz are no longer good quantum numbers, but Jz = M + Sz is. This changes 
the crossing into an avoided crossing, because of the level repulsion between levels 
with equal Jz. We monitor these crossings for a dot with a few electrons by means of 
exact diagonalisation (up to N = 5 electrons). By operating the electric field, one can 
construct a superposition of the states involved in the anticrossing. Their phase is 
controlled by changing the applied electric field in time. 

The level structure of the dot close to the anticrossing can be modelled by an ef-
fective spin Hamiltonian. We have studied an isolated QD at fixed N  elsewhere [17], 
with a weak capacitive contact to one arm of a two path interferometer. By operating 
with a gate voltage on the dot cyclically in time, we have proposed to modulate the 
transmission across the interferometer (see Fig. 8). Electrons travelling in the edge 
states of the interferometer’s arm that are coupled to the dot may feel the charge-
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charge correlations at different times and be reflected by what looks like a change in 
the effective dielectric constant in time. 

Here, we have discussed only the cases of N = 2 and N = 3, which show marked 
avoided crossings in the level structure versus B. At larger N , these features are 
smeared out substantially and a different physics takes over. A closer look at the QD 
energy spectrum shows that e-e correlations and spin-orbit produce a spin texture in 
the first excited state beyond B*, with a reversed spin density concentrated at the ori-
gin [14]. The situation resembles a quantum Hall ferromagnet (QHF) with filling 
close to one. In the QHF, symmetry breaking due to full spin polarization sustains a 
gapless collective spin excitation, named the “skyrmion”. In the QD, the gap is finite 
and it is tuned by the Rashba coupling. This opens up many unexpected possibilities 
of controlling electron spin density at the dot and the possibly underlying nuclear 
spins coupled via hyperfine interaction. 
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