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7KH�PLFURPDJQHWLF� IRUPDOLVP�ZDV�XVHG� WR� VWXG\� WKH�PDJQHWLF�EHKDYLRXU�RI�DQ�DVVHPEO\�RI� VLQJOH�
GRPDLQ� IHUURPDJQHWLF�SDUWLFOHV��ZLWK� UDQGRP�HDV\� D[HV�RI� DQLVRWURS\�� HPEHGGHG� LQ� D�ZHDNO\�PDJQHWLF
PDWUL[��7KH�UHVXOWV�IRU�YDULRXV�ERXQGDU\�FRQGLWLRQV�DUH�FRPSDUHG�

.H\�ZRUGV��PLFURPDJQHWLF�VLPXODWLRQV��QDQRFU\VWDOOLQH�PDWHULDO��K\VWHUHVLV�ORRS

���,QWURGXFWLRQ
1XPHURXV�PDJQHWLF�PDWHULDOV�XVHG�LQ�PRGHUQ�WHFKQRORJLFDO�DSSOLFDWLRQV�DUH�FRP�

SRVHG� RI� ILQH�PDJQHWLF� SDUWLFOHV� HLWKHU� LVRODWHG� RU� HPEHGGHG� LQ� D� QRQ�PDJQHWLF� RU
PDJQHWLF�PDWUL[��7KH�DQDO\VLV�RI�PXOWLSKDVH�V\VWHPV�LV�D�GLIILFXOW�WDVN��ZKLFK�KDV�WR
LQFOXGH�H[SHULPHQWDO�VWXGLHV�DV�ZHOO�DV�WKHRUHWLFDO�PRGHOOLQJ��7KH�FRPSOH[LW\�RI�WKH
WKHRUHWLFDO�GHVFULSWLRQ�RI�PXOWLSKDVH�PDJQHWLF�PDWHULDOV�XVXDOO\�UHTXLUHV�D�QXPHULFDO
WUHDWPHQW��2QH�RI�WKH�SRVVLEOH�DSSURDFKHV�LV�WKH�QXPHULFDO�PLFURPDJQHWLFV�WKDW�H[SH�
ULHQFHV� WKH� UHQDLVVDQFH� IURP� WKH� HDUO\� ��WK�� 7KH� PDWKHPDWLFDO� EDFNJURXQG� RI� WKH
PLFURPDJQHWLFV�>�@�FRQVLVWV�LQ�WKH�PLQLPL]DWLRQ�RI�WKH�PDJQHWLF�IUHH�HQHUJ\�RI�D�IHU�
URPDJQHWLF� PDWHULDO� XQGHU� FHUWDLQ� FRQGLWLRQV�� 7KRVH� ³FHUWDLQ� FRQGLWLRQV´� LQFOXGH
SDUDPHWHUV���L��RI�WKH�H[WHUQDO�HQYLURQPHQW� LQIOXHQFH�VXFK�DV�DSSOLHG�ILHOG�� WHPSHUD�
WXUH�� VWUHVV�� �LL��RI� WKH� PDWHULDO� �H[FKDQJH� LQWHJUDO�� DQLVRWURS\� FRQVWDQW�� VDWXUDWLRQ
PDJQHWLVDWLRQ��HWF�����LLL��RI�WKH�V\VWHP�JHRPHWU\�WKDW�GHVFULEH�WKH�VDPSOH��DQG�LQ�WKH
FDVH�RI�QRQ�XQLIRUP�PDWHULDO� LWV� LQQHU� VWUXFWXUH��DV�ZHOO�DV� WKH�ERXQGDU\� FRQGLWLRQV
IRU�WKH�PLFURPDJQHWLF�SUREOHP�
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7KH�FDOFXODWLRQV�SUHVHQWHG�LQ�WKLV�SDSHU�ZHUH�SHUIRUPHG�IRU�D�SHFXOLDU�QDQRVWUXF�
WXUH� FRPSRVHG� RI� UDQGRPO\� RULHQWHG� FU\VWDOOLQH� JUDLQV�� H[KLELWLQJ� KLJK� PDJQHWLF
PRPHQW� DQG� VWURQJ� XQLD[LDO� DQLVRWURS\�� HPEHGGHG� LQ� D� ZHDNO\� PDJQHWLF� LVRWURSLF
PDWUL[�

���0LFURPDJQHWLF�PRGHO
7KH�V\VWHP�XQGHU�FRQVLGHUDWLRQ�LV�D�FXEH�RI�WKH�HGJH�VL]H�'�GLYLGHG�LQWR�1�1�1�FX�

ELF� HOHPHQWV�ZLWK� WKH� OLQHDU� VL]H� G� �VHH�)LJ�� ����2XU� FDOFXODWLRQV�ZHUH� SHUIRUPHG� IRU
1� ����RU����DQG�G� ���QP��9DULRXV�ERXQGDU\�FRQGLWLRQV�ZHUH�FRQVLGHUHG��IUHH��SHULRGLF
LQ�WZR�GLPHQVLRQV�DQG�SHULRGLF�LQ�WKUHH�GLPHQVLRQV��,Q�WKH�FDVH�RI�WKH�IUHH�ERXQGDULHV�
WKH�OLQHDU�VDPSOH�VL]H�LV�'�DQG�FDQ�EH�FDOFXODWHG�E\�VLPSOH�PXOWLSO\LQJ�WKH�VL]H�RI�WKH
GLVFUHWLVDWLRQ�HOHPHQW�E\�WKH�QXPEHU�RI�HOHPHQWV��L�H���'� �G1��+RZHYHU��IRU�SHULRGLFDO
ERXQGDU\�FRQGLWLRQV�WKH�HGJH�VL]H�'�PHDQV�WKH�SHULRG�VL]H�RI�WKH�PRGHO�DQG�KDV�QRWKLQJ
WR�GHDO�ZLWK�WKH�VDPSOH�SK\VLFDO�VL]H��,Q�WKLV�FDVH��WKH�FXEH�RI�OLQHDU�VL]H�'�LV�UHSOLFDWHG
LQILQLWH�QXPEHU�RI�WLPHV�LQ�WZR�RU�WKUHH�GLPHQVLRQV��7KXV��WKH�SHULRGLFDO�ERXQGDU\�FRQ�
GLWLRQV�DOORZ�XV�WR�LPSOHPHQW�WKH�LQILQLWH�VDPSOH�VL]H�LQ�WKH�PRGHO��7KH�DVVXPSWLRQ�RI
WKH�³LQILQLWH�VL]H´�JLYHV� WZR�PDLQ�DGYDQWDJHV�� WKHUH�DUH�QR� ILQLWH� VL]H�HIIHFWV�DQG� LW� LV
SRVVLEOH�WR�FRPSDUH�WKH�UHVXOWV�DFKLHYHG�ZLWK�H[SHULPHQWDO�GDWD�RI�D�FRUUHVSRQGLQJ�EXON
PDWHULDO�

)LJ�����&XELF�GLVFUHWLVDWLRQ�SURFHGXUH��'�LV�WKH�SHULRG�VL]H�
G�LV�WKH�VL]H�RI�WKH�GLVFUHWLVDWLRQ�HOHPHQW��/LJKW�FXEHV�UHSUHVHQW
WKH�JUDLQV�HPEHGGHG�LQ�PDWUL[�ZKLFK�LV�UHSUHVHQWHG�E\�GDUN�FXEHV

+HUH� DQG� EHORZ��ZH� FRQVLGHU� WKH�ZKROH� VSHFLPHQ� DV� D� ILQLWH� RU� LQILQLWH� UHJXODU
PHVK�RI�FORVHO\�SDFNHG� LQWHUDFWLQJ�FXELF�HOHPHQWV�>�@��GLVFUHWLVDWLRQ�FXELF�HOHPHQWV
UHIHUV�WR�PHVK�FHOOV�
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7KH�PHVK� XVHG� IRU� QXPHULFDO� FDOFXODWLRQV� LV� D� WZR�SKDVH� V\VWHP� WKDW� FRQVLVWV� RI
FU\VWDOOLQH�SDUWLFOHV�ZLWK�XQLD[LDO�DQLVRWURS\�UDQGRPO\�HPEHGGHG�LQ�D�ZHDNO\�PDJQHWLF
LVRWURSLF�PDWUL[�ZLWK�WKH�����SDFNLQJ�GHQVLW\�RI�JUDLQV��7KH�VL]H�RI�HDFK�SDUWLFOH�LV�WKH
VDPH�DQG�HTXDOV�WKH�FHOO�VL]H�G��7KH�GLUHFWLRQV�RI�HDV\�D[HV�RI�SDUWLFOHV�DUH�JHQHUDWHG
UDQGRPO\�ZLWK�D�XQLIRUP�GLVWULEXWLRQ�RI�WKH�GLUHFWLRQ�FRVLQHV�

6LQFH�WKH�VL]H�RI�WKH�PHVK�FHOOV�LV�VXIILFLHQWO\�VPDOO�WR�PHHW�WKH�DVVXPSWLRQ�RI�WKH
PLFURPDJQHWLFV��L�H��� LW� LV�VPDOOHU� WKDQ� WKH�H[FKDQJH�FKDUDFWHULVWLF� OHQJWK��� WKH�PDJ�
QHWLVDWLRQ�LQ�HDFK�RI�WKHP�FDQ�EH�VXEVWLWXWHG�IRU�D�FODVVLFDO�YHFWRU��$OO�FDOFXODWLRQV�DUH
FDUULHG�RXW�IRU�ORZ�WHPSHUDWXUHV��ZKHUH�WKH�WKHUPDO�IOXFWXDWLRQV�FDQ�EH�QHJOHFWHG�

7KH�FRQVLGHUHG�PDJQHWLF�IUHH�HQHUJ\�IXQFWLRQDO�LQFOXGHV�WKH�HQHUJ\�FRQWULEXWLRQV
IURP�WKH�ILHOG�DSSOLHG��XQLD[LDO�DQLVRWURS\��H[FKDQJH�DQG�PDJQHWRVWDWLF�LQWHUDFWLRQV
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7KH�H[WHUQDO�ILHOG�HQHUJ\�( � �	� �DQG�XQLD[LDO�DQLVRWURS\�HQHUJ\�( ��� �WHUPV�DUH�XVHG�LQ
WKHLU�FODVVLFDO�IRUPV�>�@��7KH�H[FKDQJH�HQHUJ\�LV�FDOFXODWHG�E\�PHDQV�RI�WKH�+HLVHQEHUJ�
OLNH� WHUP�� 7KH�PDJQHWRVWDWLF� HQHUJ\� FRQWULEXWLRQ�(����� � LV� FDOFXODWHG� XVLQJ� WKH� H[SOLFLW
H[SUHVVLRQ�IRU�GHPDJQHWLVLQJ�ILHOG�SUHVHQWHG�E\�1DNDWDQL�HW�DO��>�@�DQG�VXPPHG�RYHU�WKH
VSHFLPHQ�E\�PHDQV�RI�WKH�)DVW�)RXULHU�7UDQVIRUP��))7��WHFKQLTXH�>�@�ZLWK�WKH�DLG�RI
QXPHULFDO�URXWLQHV�FDOOHG�WKH�)DVWHVW�)RXULHU�7UDQVIRUP�LQ�WKH�:HVW�>�@�

'HILQLQJ�WKH�PDJQHWLVDWLRQ�YHFWRU�LQ�WKH�L�WK�PHVK�FHOO�DV
��� 0 P0 �=

ZKHUH� �
�0 GHQRWHV�WKH�VDWXUDWLRQ�PDJQHWLVDWLRQ�RI�WKH�s�VRUW�RI�PDWHULDO��L�H���JUDLQ�RU

PDWUL[��P � �LV�WKH�XQLWDU\�YHFWRU�SDUDOOHO�WR�PDJQHWLVDWLRQ�RI�WKH�L�WK�FHOO��WKH�WRWDO�HQ�
HUJ\�GHQVLW\�RI�D�VDPSOH�LQ�D�XQLIRUP�ILHOG�DSSOLHG�LV�D�VXP�RI�WKH�HQHUJ\�GHQVLWLHV�RI
WKH�PHVK�FHOOV�DQG�FDQ�EH�ZULWWHQ�DV
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ZKHUH�+ ����� �LV�WKH�DSSOLHG�ILHOG�� "
#. ±�DQLVRWURS\�FRQVWDQW�DQG�Q�LV�WKH�HDV\�D[LV�GLUHF�

WLRQ�YHFWRU��$ � $ %�� ±�H[FKDQJH�FRQVWDQW��ZKHUH�dL�PHDQV�WKH�QXPEHU�RI�QHLJKERXUV�WR�WKH
L�WK�QRGH��+& ±�GHPDJQHWLVLQJ�ILHOG�

7KH�PLQLPL]DWLRQ�SURFHGXUH�LV�SURYLGHG�E\� WKH�-DFREL� LWHUDWLYH�VFKHPH�EDVHG�RQ
WKH�/DQGDX±/LIVKLW]�HTXDWLRQ�RI�PRWLRQ�IRU�PDJQHWLF�PRPHQWV�ZLWKRXW�D�SUHFHVVLRQ
WHUP�>�@��L�H�
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ZKHUH�WKH�WLPH�VFDOH�LQFOXGHV�WKH�IDFWRU�SUHFHGLQJ�WKH�YHFWRU�SURGXFW��DQG�K *�+ + � LV� WKH
HIIHFWLYH�ILHOG�GHILQHG�DV
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7KH�FRQGLWLRQ�IRU�WKH�HTXLOLEULXP�VWDWH�RI�PDJQHWLVDWLRQ�LV�WKH�UHTXLUHPHQW�WKDW�IRU
HYHU\� QRGH� WKH�PDJQHWLVDWLRQ� YHFWRU� VKRXOG� EH� SDUDOOHO� WR� WKH� DSSURSULDWH� HIIHFWLYH
ILHOG�WKDW�JLYHV�D�PLQLPXP�RI�WKH�PDJQHWLF�IUHH�HQHUJ\��7KXV��WR�DFKLHYH�WKH�HTXLOLE�
ULXP�RQH�VKRXOG�UHFDOFXODWH�WKH�HIIHFWLYH�ILHOG�DQG�XVH�WKH�/DQGDX±/LIVKLW]�HTXDWLRQ
WR�JDLQ�WKH�QH[W�WUDQVLWLRQ�VWDWH�IRU�HDFK�LWHUDWLRQ�VWHS�

���5HVXOWV
7KH�PDWHULDO�SDUDPHWHUV�XVHG�IRU�WKH�DSSURSULDWH�FDOFXODWLRQV�DUH�SUHVHQWHG�LQ�WKH

WDEOH�� 7KHVH� SDUDPHWHUV� ZHUH� FKRVHQ� VR� DV� WR� DSSUR[LPDWHO\� FRUUHVSRQG� WR� WKH� UH�
FHQWO\� SURGXFHG� DQG� H[SHULPHQWDOO\� VWXGLHG� &R ��� 1E � &X � 6L � � % � � � QDQRFU\VWDOOLQH
PDWHULDO��REWDLQHG�E\� WKH� LVRWKHUPDO�DQQHDOLQJ�RI� WKH�DPRUSKRXV�DOOR\�>�@��:H�KDYH
DOUHDG\�XVHG�WKLV�PDWHULDO�DV�D�EDVLV�IRU�WKH�FRPSDULVRQ�RI�QXPHULFDO�UHVXOWV�ZLWK�WKH
H[SHULPHQWDO�GDWD�WKDW�UHYHDOHG�D�JRRG�TXDOLWDWLYH�DJUHHPHQW�>�@�

7DEOH��0DWHULDO�SDUDPHWHUV�XVHG�IRU�WKH�PLFURPDJQHWLF�FDOFXODWLRQV

$��HUJ�FP . � ��HUJ�FP � 0 � ��HPX�FP �

*UDLQV �� 	 
 ������ 
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0DWUL[ ������ 	 
 � ���
0DWUL[±JUDLQ�LQWHUIDFH ������ 	 
 ± ±

7KH�K\VWHUHVLV�ORRSV�REWDLQHG�IRU�WKH�QDQRVWUXFWXUH�VWXGLHG�LQ�WKH�FDVH�RI�WKH�IUHH
ERXQGDU\�FRQGLWLRQV�DV�ZHOO�DV�SHULRGLF�LQ���DQG���GLPHQVLRQV�DUH�SUHVHQWHG�LQ�)LJ���
DQG�)LJ����IRU�WKH�PHVK�VL]HV�1� ����DQG�����UHVSHFWLYHO\�

,W�KDV�EHHQ�DOUHDG\�VKRZQ�WKDW�LQ�VXFK�D�QDQRVWUXFWXUH��GXH�WR�WKH�H[FKDQJH�FRX�
SOLQJ�EHWZHHQ�WKH�KLJKO\�DQLVRWURSLF�FU\VWDOOLWHV�DQG�WKH�VXUURXQGHG�LVRWURSLF�PDWUL[�
WKH�PDWHULDO� LV�FRPELQHG�LQWR�UDQGRPO\�RULHQWHG�ZHDNO\�UHODWHG�FOXVWHUV� >�@��7KH�UH�
VXOWV� RI� WKH� VLPXODWLRQV� RI� PDJQHWLVDWLRQ� SURFHVVHV� LQGLFDWH� WKDW� GXULQJ� WKH
PDJQHWLVDWLRQ� UHYHUVDO� SURFHVV� WKH� FOXVWHUV� UHYHUVH� VHTXHQWLDOO\� LQ� D� UHYHUVDO� ILHOG�
ZKLFK�FDQ�EH�FRQVLGHUHG�DV�DQ�H[WHUQDO�ILHOG�PRGXODWHG�E\�D�PDJQHWRVWDWLF�ILHOG�IURP
WKH�QHLJKERXULQJ�FOXVWHUV��)RU�FOXVWHUV�ZKLFK�DUH�SUHIHUHQWLDOO\�DGMDFHQW�SDUDOOHO�WR�WKH
DSSOLHG�ILHOG�WKH�UHYHUVDO�ILHOG�LV�HQKDQFHG��ZKHUHDV�IRU�WUDQVYHUVDOO\�DGMDFHQW�FOXVWHUV
LW� LV� UHGXFHG�� 7KLV� UHVXOWV� LQ� D� VWHS�OLNH� VKDSH� RI� WKH� K\VWHUHVLV� ORRSV� SUHVHQWHG� LQ
)LJV����DQG����'HSHQGLQJ�RQ�WKH�VWUHQJWK�RI�WKH�H[FKDQJH�FRXSOLQJ�YLD�WKH�JUDLQ±PD�
WUL[� LQWHUIDFH� DQG� WKH� DQLVRWURS\� FRQVWDQW� RI� WKH� JUDLQV�� RQH� FDQ� REWDLQ� D� FOXVWHU
VWUXFWXUH�WKDW�LV�VWDEOH�GXULQJ�WKH�ZKROH�UHYHUVDO�SURFHVV��DV�LQ�WKLV�ZRUN��RU�XQVWDEOH
FOXVWHUV� IRU�ZKLFK� WKH�PDJQHWLVDWLRQ�RI� WKH�PDWUL[� WHDUV�RII� IURP� WKH� JUDLQV� LQ� KLJK
HQRXJK�UHYHUVDO�ILHOG�>�@�
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)LJ�����+\VWHUHVLV�ORRSV�FDOFXODWHG�IRU�GLIIHUHQW�ERXQGDU\�FRQGLWLRQV�
6DPSOH�PHVK�VL]H�LV����������QRGHV�

7KH�GLUHFWLRQ�RI�WKH�H[WHUQDO�ILHOG�LV�SDUDOOHO�WR�WKH�]�D[LV

)LJ�����+\VWHUHVLV�ORRSV�FDOFXODWHG�IRU�GLIIHUHQW�ERXQGDU\�FRQGLWLRQV�
6DPSOH�PHVK�VL]H�LV����������QRGHV�

7KH�GLUHFWLRQ�RI�WKH�H[WHUQDO�ILHOG�LV�SDUDOOHO�WR�WKH�]�D[LV

)RU�D�FHUWDLQ�PHVK�VL]H��WKH�GLIIHUHQW�VKDSHV�RI�WKH�FDOFXODWHG�ORRSV�DUH�WKH�FRQVH�
TXHQFHV�RI� WKH�YDULRXV� OHYHOV�RI� WKH� ILQLWH�VL]H� HIIHFWV�� ,Q� WKH� FDVH�ZKHUH� WKHUH� LV� DW
OHDVW�RQH�QRQ�SHULRGLF�GLPHQVLRQ��RQ�WKH�IUHH�IDFHV�RI�D�QDQR�VDPSOH�WKH�VXUIDFH�PDJ�
QHWLF�SROHV� FDQ� DSSHDU��7KHVH� DGGLWLRQDO�PDJQHWLF� SROHV� LQFUHDVH� WKH� GHPDJQHWLVLQJ
ILHOG�� ZKLFK�� LQ� WXUQ�� PRGLILHV� WKH� PDJQHWLVDWLRQ� UHYHUVDO�� 7KH� SHULRGLFLW\� UHPRYHV
WKHVH� ILQLWH�VL]H�HIIHFWV�� VR� WKH� UHVXOWLQJ�K\VWHUHVLV� ORRS�FDQ�EH� FRPSDUHG� WR� WKH� H[�
SHULPHQWDO�RQH�PHDVXUHG� IRU�D�PDFUR�VDPSOH��7KH��'�SHULRGLF�ERXQGDU\�FRQGLWLRQV
FDQ�EH�DSSOLHG�WR�PRGHOOLQJ�WKLQ�PDJQHWLF�ILOPV��+RZHYHU��WKLV�DSSUR[LPDWLRQ�LV�QRW
VXIILFLHQW�IRU�EXON�PDWHULDOV�IRU�ZKLFK�WKH�URWDWLRQDO�SURFHVVHV��ZKLFK�RFFXU�DW�KLJKHU
ILHOGV��DUH�ORVW��7KH�LQFUHDVH�RI�WKH�PHVK�VL]H�OHDGV�WR�WKH�UHILQHPHQW�RI�WKH�ORRS�VKDSH
GXH�WR�WKH�LPSURYHG�DYHUDJLQJ�RI�WKH�PDJQHWLVDWLRQ�RYHU�ODUJHU�QXPEHU�RI�JUDLQV��,Q
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WKLV�FDVH��RQH�FDQ�REWDLQ�D�EHWWHU�DSSUR[LPDWLRQ�RI�WKH�H[SHULPHQWDO�UHVXOWV�EXW��RQ�WKH
RWKHU�KDQG��WKH�LQFUHDVH�RI�WKH�PHVK�VL]H�VXEVWDQWLDOO\�LQFUHDVHV�WKH�FDOFXODWLRQ�WLPH�

���&RQFOXVLRQV
,W�KDV�EHHQ�VKRZQ�WKDW�WKH�PDJQHWLF�SURSHUWLHV�RI�WKH�V\VWHP�FRQVLVWLQJ�RI� IHUUR�

PDJQHWLF� SDUWLFOHV� ZLWK� KLJK� XQLD[LDO� DQLVRWURS\� VWURQJO\� GHSHQG� RQ� WKH� PDJQHWLF
VWDWH�RI�WKH�PDWUL[�LQ�ZKLFK�WKH\�DUH�GLVSHUVHG��7KH�SUHVHQFH�RI�D�VPDOO�PDWUL[�PDJ�
QHWLF� PRPHQW� DQG� ZHDN�� ERWK� LQ�PDWUL[� DQG� PDWUL[�FU\VWDOOLWH�� H[FKDQJH� FRXSOLQJV
OHDG� WR�FOXVWHU�OLNH� LQQHU�PDJQHWLVDWLRQ�SDWWHUQV��7KH�PDJQHWLVDWLRQ� UHYHUVDO� LQ� VXFK
QDQRVWUXFWXUH�SURFHHGV�E\�VHTXHQWLDO� URWDWLRQ�RI�PDJQHWLF�PRPHQWV�ZLWKLQ� WKH�FOXV�
WHUV��7KH�VKDSH�RI�WKH�FDOFXODWHG�K\VWHUHVLV�ORRS��ZKLFK�UHSUHVHQWV�WKLV�PDJQHWLVDWLRQ
SURFHVV��VWURQJO\�GHSHQGV�RQ�WKH�ERXQGDU\�FRQGLWLRQV��ZKLFK�VKRXOG�FDUHIXOO\�EH�FKR�
VHQ�IRU�WKH�VLPXODWLRQ�RI�WKH�UHDO�H[SHULPHQW�

$FNQRZOHGJHPHQWV
7KH�ZRUN�ZDV�VXSSRUWHG�LQ�SDUW�ZLWKLQ�WKH�(XURSHDQ�&RPPXQLW\�3URJUDPPH�,&$��&7�����������

�&HQWUH�RI�([FHOOHQFH�&(/',6�
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